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Abstract 



The aim of this paper is to give a basic overview of Deformation Quantization (DQ) to 
physicists. A summary is given here of some of the key developments over the past thirty 
years in the context of physics, from quantum mechanics to quantum field theory. Also, we 
discuss some of the conceptual advantages of DQ and how DQ may be related to algebraic 
quantum field theory. Additionally, our previous results are summarized which includes the 
construction of the Fedosov star-product on dS/AdS. One of the goals of these results was to 
verify that DQ gave the same results as previous analyses of these spaces. Another was to 
verify that the formal series used in the conventional treatment converged by obtaining exact 
and nonperturbative results for these spaces. 



1 Introduction 

There are three standard approaches to quantum 
theories: the operator formalism, the path in- 
tegral formalism, and deformation quantization 
(DQ). The aim of this proceedings is to inform 
the reader of the state of the DQ in terms of 
issues relevant to physicists: from quantum me- 
chanics to quantum field theory. 

The main problem in DQ is the issue of con- 
vergence of all perturbative series which remain 
unknown. To address this issue, I will summa- 
rize some of the results of [TiSpl] which includes 
the computation of the Fedosov star-product 
(the fundamental object used in DQ) exactly for 
the dS and AdS space-times. Another goal of 
the results were to reproduce previous results 
for the Klein-Gordon (KG) equation on dS and 



AdS.[Frol-4] 

The question is: Why bother with DQ at all? 
The reason we do is that DQ provides some dis- 
tinct advantages over canonical quantization and 
the path integral methods. One example is that 
it is not only coordinate invariant but also in- 
dependent of the choice of dynamics (e.g. La- 
grangian) . The associativity of the star-product 
plays a fundamental role in understanding how 
DQ deviates from canonical quantization as can 
be seen in [Til,GoRe]. 

In this paper we will discuss other advantages. 
For instance, the observables in DQ are func- 
tions on phase-space just as they are classically. 
Therefore, the conceptual break with classical 
mechanics is less severe than with, for example, 
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operator methods which map observables to fun- 
damentally different objects. Most of the tools 
used for functions, whether they are geometric or 
algebraic, extend much more naturally into DQ 
than in other quantization methods. 

Furthermore, it is argued in [DiiFr] that pertur- 
bative algebraic quantum field theory (AQFT) 
can be understood in terms of DQ. It is argued 
that this is the likely scenario because of the 
many similarities between the two approaches. 
Conventional treatments of DQ rely heavily on 
perturbative expansions in the formal parame- 
ter H which makes it easy to obtain perturbative 
results for various physical quantities. However, 
besides the perturbative nature of DQ, AQFT 
focuses on the algebra of observables just as DQ 
does. Other similarities to AQFT arc noticed 
like the way in which the topology of ordinary 
phase-space functions induces observable topol- 
ogy in DQ to form the "net of observables" in 
AQFT.[Haag,Buc] 

2 An Introduction to 

Deformation Quantization 

In 1927 Herman Weyl wrote his quantization 
rule W that maps every phase-space function 
/ on a flat space-time to a unique observ- 
able in the space of linear operators acting on 
the appropriate Hilbert space. Shortly after- 
wards, Eugene Wigner wrote the inverse map 
W^.tWeyl.Wig.DiSt] Groenewold in 1946 [Gro] 
(and later Moyal in 1949 [Moy]) investigated the 
formula W _1 (W (/) W (<?)) and found a remark- 
able result: 
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where the operator inside the exponential is the 
Poisson Bracket and the arrows over the deriva- 
tives explain the direction in which they act. 



Moreover, Groenewold (and again later Moyal) 
realized that this operator is an associative, 
noncommutative product of the two phase- 
space functions / and g defined by / * g := 
(W (/) W (g)) which has the familiar com- 
mutators: 

[a?,p v l = ih6Z , [x*,x v l = 0=\p ll ,p v l 



In a coordinate independent formulation we 
have: 



/ * 9 = f exp 



P 
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(2) 



P ■= O A—UOAB O B 

where P is the Poisson bracket and 8a is a (flat) 
torsion- free phase-space connection (9<8> w = 0). 

In summary, they obtained another equivalent 
formulation of the quantum theory on phase- 
space. [HWW,HiHe] 

Despite all of this, it wasn't until 1978 when 
Bayen F., Flato M., Fr0nsdal C, Lichnerowicz 
A., Sternhcimcr D. proposed an alternative for- 
mulation of quantum theory on the phase-space 
of an arbitrary curved space-time that we now 
know as DQ. The new formulation (and a quite 
radical one) can aptly be summarized by a quote 
from their paper: 

" We suggest that quantization be understood as 
a deformation of the structure of the algebra of 
classical observables, rather than as a radical 
change in the nature of the observables" -Bayen 
ct al. (1978) 

The view here is that quantum mechanics is a 
theory on a classical phase-space by the replace- 
ment of the pointwise product by a new asso- 
ciative but noncommutative star-product. This 
star-product is a pscudodiffcrcntial operator i.e. 
an operator of the form: 
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f*g = ]T (ih/2) j GfX m A ' B -- B -(D Al ...D Al f)(D Bl ...D Bm g) 

A,B,j,l,m 



for any two phase-space functions / and g, 
where D is a phase-space connection and 
Gf\^ lBl Bm is an I + m index tensor for each 
j, I, and m. See [HiHc] for conditions on these 
coefficients due to Gerstenhaber. 

A star-product is a very complicated object be- 
cause of the infinite order of derivatives. In fact, 
it is this "infinite orderness" which is the source 
of most of the trouble in working with star- 
products and why we need such fancy tools in 
their construction and classification. Despite the 
difficult nature of these objects, in the following 
thirty years, huge advances have been achieved. 
One is the classification of star-products into 
equivalence classes due to the: contributions of 
many people (see [DiSt] for a brief history) : 

Thm. All star-products on a symplectic mani- 
fold (a generalized phase-space) fall into equiva- 
lence classes which are parametrized by a formal 
series in ft, B — Bq + hB\ + h 2 B2 + ■ ■ ■ with co- 
efficients Bi in the second de Rham cohomology 
group Hj R [[H]}. 

In each equivalence class, whether we describe 
our system with *i or * 2 , all physical quanti- 
ties (like expectation values) will be identical. 
Two equivalent products *i and *2 are related 
by some invertable operator T: 
00 

A,j,l 

by the formula: 

/*2.g = T- 1 (T(/)* 1 r(.g)) 

In simplified terms, this parametrization is a 
two- form B that is closed {dB = 0), but not nec- 



essarily exact (B = dA). It was shown in [Bordl] 
interpret B as a magnetic field in our space-time. 
The integral over any closed two-surface is the 
amount of magnetic monopole charge sitting in- 
side which is directly correlated to the fact that 
B is closed but not exact. For example, if the 
magnetic monopole charge in our space-time is 
zero then all star-products are equivalent. 

Another huge advance was developed by Fedosov 
in the construction of his Fedosov star-product 
on an arbitrary finite-dimensional symplectic 
manifold using geometric approaches. Fedosov, 
using insights from the index theorems of Atiyah 
and others, perturbatively constructed a star- 
product via an iterative process. [GdT, Fed] The 
convergence behavior of the Fedosov star is still 
unknown in the general case, but some specific 
exact formulas have been found. [TiSpl,TiSp2] 
With the convergence issues aside, the classifica- 
tion theorem above means that all star-products 
are equivalent to a Fedosov star. The properties 
of the Fedosov star are [Fed,TiSp2]: 

1. It is coordinate invariant. 

2. It can be constructed on all symplectic 
manifolds (including all phase-spaces) per- 
turbatively in powers of h. 

3. It assumes no dynamics (e.g. Hamiltonian 
or Lagrangian), symmetries, or even a met- 
ric. 

4. The limit h — > yields classical mechanics. 

5. It is equivalent to an operator formalism by 
a Weyl-like quantization map.[Fed,TiSp2] 

Another key development was the application of 
DQ to quantum field theory (QFT) by Dito. In 
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[Dito] , Dito has successfully constructed nonpcr- 
turbative star-products for both a free covariant 
field and a covariant field with a class of interac- 
tion terms which include polynomial ones. The 
interacting case is done by using a cohomological 
method of renormalization, called cohomological 
renormalization in which he uses a linearization 
program. This involves identifying the diverg- 
ing terms as singular cocycles or coboundaries of 
the Hochschild cohomology in the star-product 
which can be removed by changing to an equiv- 
alent star-product. 

The main problem in DQ, as 1 see it, is related 
to the standard treatments of deformation prod- 
ucts which rely heavily on series expansions in 
a formal parameter h. Therefore, convergence 
of these series need to be addressed which is a 
purpose of the results given here. Additionally, 
the existence of a large enough set of states to 
describe physical systems (which includes a no- 
tion of vaccum) needs to be addressed especially 
for QFT's. Moreover, for a star-product on a 
Maxwell-Dirac field to be constructed in a simi- 
lar manner to that of [Dito], the star-product of 
the asymptotic fields must be constructed (see 
[HHS,HiHc2] for work on fcrmions and bosons). 
Therefore, much work still needs to be done in 
this area. 

Additional important developments of DQ in- 
clude the application to statistical quantum me- 
chanics where the KMS condition (a condition 
for a state to be in thermodynamic equilib- 
rium at a defined temperature, sec [BrRo,Haag]) 
was given in [Bas]. A formal definition of a 
KMS state of finitely many degrees of free- 
dom was defined in [Bord2]. Also, a formal 
GNS construction of a Hilbert space associ- 
ated to any star-product has been formulated 
in [BoWa] and yields the correct results in the 
standard representations such as the Bargmann 
and Schrodinger representations. Finally, Kont- 
sevich in [Kon] has formulated a star-product, 
called the Kontsevich star, on an arbitrary finite 
dimensional Poisson manifold pcrturbativcly in 



powers of h. 

*Note: The difficulty of constructing star- 
products is exemplified by Maxim Kontsevich's 
Fields Medal in 1998, won in part because of his 
brilliant construction of a star-product on arbi- 
trary finite-dimensional Poisson manifold called 
the Kontsevich star. [Kon] Furthermore, this was 
the very first solution to a long-standing problem 
in mathematics: showing that any finite dimen- 
sional Poisson manifold admits a formal quanti- 
zation. 

3 Quantum Mechanics on 
Phase-Space: A 
New Perspective of 
Quantum Theory 

The important question is: What advantage does 
deformation quantization (DQ) have over the 
other standard formulations of quantum physics? 
Part of the answer to this lies in the radically 
different framework: DQ is a theory of quan- 
tum mechanics where observables are still phase- 
space functions. Therefore, the conceptual break 
with classical mechanics is less severe than the 
other two standard approaches. 

Herein lies the advantage of DQ: Most techniques 
(geometrical or algebraic) one uses with ordi- 
nary functions are valid in, or can be adapted 
in a natural way into this framework. There- 
fore, DQ greatly expands our toolbox including 
tools used in basic algebra and geometry. For 
instance, coordinate invariance of quantum the- 
ory is easily manifest because the star product is 
coordinate invariant. Also, different operator or- 
derings in quantization can be organized nicely 
into equivalence classes of star-products in DQ 
parametrized by the formal scries B. We note 
that there are examples of equivalent orderings 
in [Til,HiHe]. 

Finally, building a theory restricted to a compact 
region in our configuration space-time gives an 
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innately local quantum theory. This can be done 
by a simple restriction of set of all observables 
(which are just functions in a formal series of K) 
to a region of compact support. In this sense one 
can build a local theory of quantum physics in an 
analogous to AQFT.[Haag,DuFr] Simply stated, 
the topology of observable algebra is directly and 
naturally induced by the topology of the algebra 
of functions on any given phase-space. Moreover, 
visualizing these things require much less men- 
tal work because the physical observables are the 
same functions they were in the classical theory. 

This is contrary to the Hilbert space operator 
formulation in which phase-space functions get 
mapped to fundamentally different objects. So 
much on this set of operators is awkward and 
this awkwardness manifests itself in the diffi- 
culty experienced when attempting some of the 
most basic things that are easy in the classi- 
cal theory. The reader may observe the ex- 
tremely complicated techniques to extend no- 
tions of topology, coordinate transformations, 
derivatives, integrals, etc. into an operator set- 
ting in noncommutative geometry using [Con] 
and in AQFT using [Haag.BrRo]. The bulk of 
the hard work involved in DQ is the construction 
of star-products, but once you have star-product 
many other things are a lot easier. Therefore, if 
these star-products exist for a particular system, 
it seems useful to formulate or reformulate them 
using DQ. 

4 The Klein-Gordon 
Equation 

It has been shown in [TiSpl,TiSp2,Til] that 
the Klein-Gordon (KG) equation in an arbitrary 
(possibly curved) space-time may formulated us- 
ing Fedosov's Weyl-like quantization map ct -1 
(i.e. the analogue of W) and its inverse a as: 

H * p m = p m *H = m 2 p m (3) 
H =p^p» + ZR(x) (4) 



Tr * (Pm) = 1 . Pm = Pm 

where * is the Fedosov star-product, R (x) is the 
Ricci scalar, p^ :— g^ v p u , and £ £ C is an ar- 
bitrary constant. [Fed, GdT] Also, p m is called a 
Wigner function and is defined by: 

Pm ■= ^{\<t>m){^m\) 

In the case of the dS and AdS space-times given 
by the embedding: 

■q piv x^x u = l/C and x^p^ = A 

Omitting the technical details, we obtain the ex- 
act commutators for the Fedosov star-product: 

[z'VI* = [x^M vp ]* = ihx^rjp^ (5) 

[M^, M pa \* = ih[M p[fl r) v]<7 - M a ^q v]p ) 
indices run from to 4, — xi^ * p v ] , x^ = 

The conditions of the embedding x^x^, x^p^ = 
x^ * p^ become the Casimir invariants of the al- 
gebra in group theoretic language. 

We now summarize our two key observations: 

1. M's generate SO (1, 4) and SO (2, 3) for dS 
and AdS respectively. 

2. M's and x's generate SO (2, 4) for both dS 
and AdS. 

By calculating R = —AC and p p * p^ in terms of 
M and x, the Hamiltonian (0J is: 

H = 2CM^ * Af" + {A- UK) AC - 4£C (6) 

where * M p is a Casimir invariant of the 
subgroup SO (1,4) or SO (2, 3) for dS or AdS re- 
spectively. 

In the more familiar form of Hilbert space lan- 
guage the KG equation takes the form: 

(2CM^M^ + X C) \<f>J = m 2 |0 m ) (7) 
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where (<£J<£ m > = 1, C 9 x = (A - 4*ft) A - 4£ is 
an arbitrary constant, and we regard all groups 
to be in a standard irreducible representation on 
the set of linear Hilbert space operators. 

*Note: This result is confirmed by [Frol-4] as 
well as others. 

5 Covariant Free Field 
Quantization and the Dito 
Star-Product 

According to Feynman, in QFT positive fre- 
quency (energy) solutions to the KG equation 
correspond to particles that moving forward in 
time while negative ones correpond to particles 
moving backwards in time. Particles moving 
backwards in time correspond to anti-particles 
moving forward in time. This is why Fourier 
modes are most suitable for QFT (see [HiHe] for 
more details). 

Given the free KG equation: 

(dud* -m 2 /h 2 )(f>(x,t)=0 

on Minkowski space. First we decompose initial 
data $(x, 0) := (cp (x, 0) , it (x, 0)) into Fourier 
modes of definite energy: 

0(x,O)= / ^ (a k e- 4k x + a k e 4k x ) 

h 2 (2tt) 3/2 uj (k) 

tt (x, 0) = * / d \ 2 (a k e- 4k x - a k e 4k x ) 
h 2 (2tt) 3/2 V ' 

where 7r (x) = d t (f> (x) and u (k) := 

(k 2 +m 2 ) 1/2 . 



The set of solutions $ (x, t) := (</> (x, t) , 7r (x, i)) 
to the KG equation is a (infinite-dimensional) 
Poisson manifold with Poisson structure: 

[*,*]p 

= - [ d 3 k (D ak (*) £ ak (vl/) - £ 5k ($) £ ak (*)) 
D ak = V(Mk))£ , ^ ak .y(Mk))A 

where $ = $ (x, t) and ^ (x, t) are any two 
solutions of the KG equation and the Poisson 
bracket is invariant under choice of hypersurface 
E.[HaEl] 

Just as in the case of ordinary quantum me- 
chanics, this Poisson structure induces a star- 
product on the phase-space. Because differ- 
ent star-products correspond to different oper- 
ator orderings we must be careful with the star- 
product we choose to prevent large numbers of 
divergences. 

The choice in Dito's star product for a free field is 
normal ordering because normal ordering plays a 
special role in QFT by annihilating the vacuum 
state. This choice eliminates the artificial infin- 
ity in the vacuum energy of the free field. The 
normal star-product is defined by: 

oo 

71=1 

where: 



(*, *) := 1 J d 3 k, ■ ■ ■ d 3 k n {D aki ■ ■ ■ D akn ($) D- aki ■ ■ ■ D- akn (*)) 
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For an interacting scalar field on Minkowski 
space with, for example, a polynomial in- 
teraction term V ((f)) the KG equation is 
(d^ - m 2 /h 2 + V (<f>)) 4> (x, t) = 0. Through 
a linearization program, Dito constructed star- 
product * + at the asymptotic future free field 
and *~ at the asymptotic past free field which 
is free of a large number of divergences by con- 
struction. 

By investigating infinite dimensional star- 
products associated to interacting fields Dito saw 
how divergences form and how renormalization 
should be performed to remove them. The di- 
verging terms are singular cocycles or cobound- 
aries of the Hochschild cohomology in the star- 
product which can be removed by changing to 
an equivalent star-product which is achieved by 
the linearization program. 

For a star-product on a Maxwell-Dirac field to 
be constructed in a similar manner, the star- 
product of the asymptotic fields must be con- 
structed. Recently in [HiHc2] a star-product was 
constructed for a fermionic system. This is based 
on the works of Berezin and Marinov in which 
they begin with a pseudoclassical system based 
on Grassmann algebras. Hirshfeld and Hensler 
proposed a fermionic star-product as a deforma- 
tion quantization of this pseudoclassical system. 
However, work still needs to be done to under- 
stand how to properly construct the asymptotic 
fields of QED in DQ. 

6 Connections to the 

Algebraic Approach to 
Quantum Field Theory 

The Algebraic Approach to quantum field the- 
ory (AQFT), invented by Rudolf Haag and 
Daniel Kastler, formulates QFT from a suf- 
ficiently rigorous axiomatic framework which 
is consistent with all the basic principles of 
QFT. [Buc, Haag, BrRo] This is contrast to the al- 
ternative approach of Constructive QFT which 



builds on existing mathematical methods for the 
treatment of physical models. 

The relationship between conventional ap- 
proaches to QFT's such as Lagrangian/path in- 
tegral formulations and canonical quantization 
to AQFT may be compared to the relationship 
between the coordinate dependent approach to 
differential geometry and the coordinate inde- 
pendent one. [Buc] To calculate certain quantities 
it is natural (and sometimes necessary) to de- 
scribe the situation with coordinates, e.g. writ- 
ing down Christoffel symbols, etc. However, if 
you are more interested in a general abstract 
analysis of the manifold you need coordinate in- 
dependent quantities like a connection, fiber and 
vector bundles, etc. It is only through the use of 
the two complementary approaches can a full un- 
derstanding of differential geometry be yielded. 
In this way, a rigorous axiomatic framework for 
QFT is necessary to compliment the other two 
methods. AQFT attempts to achieve this more 
rigorous framework. 

The advances obtained through AQFT include 
the clarification of the roles of locality and covari- 
ance in QFT. Also, in AQFT, equivalent QFT's 
have the same abstract AQFT structure. How- 
ever, the issue of the existence of a suitable set 
of states (which includes a notion of a vacuum) 
is a difficult and ongoing debate except for the 
class of maximally symmetric spaces which has 
been solved. Additionally, there have been nu- 
merous successes on an arbitrary globally hy- 
perbolic space-time in perturbative AQFT using 
renormalization techniques such as configuration 
space and micro-local techniques. The main new 
insight here is the complete disentanglement of 
the ultraviolet and infrared problems in the per- 
turbative expansion. Also, insights into hologra- 
phy of the AdS/CFT correspondence (triggered 
by string theory) have been made in AQFT. 
Holography is the notion that a QFT in the bulk 
of a manifold uniquely determines the QFT on 
the boundary. 
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As is pointed out in [DiiFr], on the level of con- 
crete models AQFT was less successful. It is in 
this regard that we believe that DQ can come 
to the rescue by defining a concrete and practi- 
cal phase-space description of an abstract net of 
observables (the standard set used in AQFT). It 
was conjectured in [DiiFr] that the relationship 
between perturbative AQFT may be understood 
in terms of DQ (also see [HiHcl]). A reason is 
because the DQ observables are ordinary func- 
tions; therefore, a local theory can be built out 
of functions of compact support in a way that 
is entirely natural. This set of observables is the 
"net of observables" described in AQFT. As long 
as the set of states that are well-defined in DQ 
is large enough to describe the theory as well 
as the convergence of all relevant quantities, DQ 
should be very fruitful. In addition, the conven- 
tional treatment of DQ in terms of a formal se- 
ries in h is extremely convenient for perturbative 
calculations. 

7 Conclusion 

What we have in DQ is a coordinate and dy- 
namics independent formulation of quantum the- 
ory formulated on phase-space. [Til, GoRc] DQ's 
conceptual advantages come from the fact that 
the observables are phase-space functions just as 
they are in classical mechanics. Therefore, many 
geometric and algebraic tools can be extended 
very naturally into DQ. It seems that most of 
the hard work in DQ is in the construction of 
star-products and issues relating to their conver- 
gence. However, once you have a star-product 
many things like topology, coordinate transfor- 
mations, etc. are much easier to understand on 
a fundamentally conceptual level. 

Advances have been made in applying DQ 
to QFT's. The star-products of Dito on 
scalar fields, including those with polynomial 
interaction terms are some of the significant 
advances. [Dito] In addition, their seems to be a 
strong connection between DQ and AQFT be- 
cause of the similarities between the two. [DiiFr] 



One includes their focus on the algebra of ob- 
servables. Another is the "net of observables" 
in AQFT can be constructed in DQ by the sim- 
ple restriction of the observables which are func- 
tions on the phase-space. The reason we should 
care about this connection is because AQFT has 
provided many advances in the understanding 
of QFT's. These include the role of locality, 
the disentanglement of the ultraviolet and in- 
frared problems on an arbitrary globally hyper- 
bolic space-time, and insights to the AdS/CFT 
correspondance. We hope that DQ may be able 
to provide the concrete models that AQFT lacks. 

By applying DQ to QFT's we may hopefully 
yield a better understanding of quantum theory. 
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